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The apparent thermalization of the particles produced in hadronic collisions can
be obtained by quantum entanglement of the partons of the initial state once a fast
hard collision is produced. The scale of the hard collision is related to the thermal
temperature. As the probability distribution of these events is of the form np(n),
as a consequence, the von Neumann entropy is larger than in the minimum bias
case. The leading contribution to this entropy comes from the logarithm of the
number of partons n, all with equal probability, making maximal the entropy. In
addition there is another contribution related to the width of the parton multiplicity.
Asymptotically, the entanglement entropy becomes the logarithm of
√
n, indicating
that the number of microstates changes with energy from n to
√
n.
I. INTRODUCTION
Recently, it has been emphasized the importance of the entanglement of the parton wave
function of the initial state [1–7], showing that the thermalization of the particles produced in
collisions of small systems objects can be achieved by quantum entanglement of the partons
of the initial state. The apparent thermalization in high energy collisions is achieved during
the rapid quench induced by the hard collision induced by the collision due to the high degree
of entanglement inside the wave functions of the initial protons. In this way, we expect that
the hard scale Th ∼ pt is related to the thermal component. The thermal component of
charged hadron transverse momentum distributions in pp collisions at
√
s = 13 TeV can be
parameterized as [8–10]
1
Nev
1
2pipt
d2Nev
dηdpt
= Ath exp
(
−mt
Tth
)
, (1)
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2and the hard scattering as
1
Nev
1
2pipt
d2Nev
dηdpt
= Ah
1(
1 + m
2
t
nT 2h
)n , (2)
where Tth is the effective temperature and Th can be considered as a hard temperature
which settles the hard scale. The index n, Th and Tth were determined from the fit to the
experimental data. One finds
Th
Tth
' 4.2, (3)
with Tth ' 0.17 GeV at √s=13 TeV. The ratio between the hard and soft scales at Eq. (3)
approximately holds for any centrality and energy in pp collisions as well as PbPb collisions
even if Th and Tth have different values for any centrality, energy and type of collision [5].
This relation between scales have been also studied in the Higgs boson transverse momentum
distribution, in the case of Higgs boson decay to γγ and in the case of Higgs decay to four
leptons [2]. In these two cases the hard scale is around twenty times larger than in the
previous cases but the ratio of (3) still holds.
Concerning the index n, it was found that it depends on the energy, centrality and collid-
ing objects, decreasing with multiplicity for not very high energy density and increasing with
multiplicity in the case of PbPb collisions at
√
s=2.76 TeV [5]. This behavior and the ratio
between Th and Tth can be naturally explained as a consequence of the clustering of color
sources (strings) model [11–13]. In this approach, n is the inverse of the normalized fluctu-
ations of the temperature Th. As the multiplicity increases, the number of different clusters
increases and thus the Th fluctuations (to each cluster corresponds a local temperature Th).
In this approach the ratio between temperatures has a defined value Th/Tth = pi/
√
2.
Concerning the entropy, the pure initial parton state |ψ〉 with density matrix ρˆ = |ψ〉〈ψ|
have zero von Neumann entropy S = −Tr(ρˆ ln ρˆ) = 0. If the partons were truly free and thus
incoherent, as it is assumed in the infinite momentum frame, they would have a non-zero
entropy. In a hard collision, characterized by the transverse momentum pt, is probed only
a part of the proton wave function, localized in a region H within a cone of radius ∼ 1/pt
and length l ∼ 1/mx, where m is the proton mass and x is the fraction of energy carried by
the hard parton. If we sum over the complementary unobserved region S we can calculate
the reduced density matrix
ρH = TrS ρ, (4)
3where
ρ = |ψHS〉〈ψHS|, (5)
and the wave function |ψHS〉 is the superposition of a suitable chosen orthonormal set of
states |ψHn 〉 and |ψSn〉 localized in the domains H and S,
|ψHS〉 =
∑
n
αn|ψHn 〉ψSn〉. (6)
As
ρH ≡ TrS ρ =
∑
n
〈ψSn |ψHS〉〈ψHS|ψSn =
∑
n
|αn|2|ψHn 〉〈ψHn |, (7)
then the von Neumann entropy of this state is given by
S = −Tr(ρH log ρH) = −
∑
n
pn log pn, (8)
with pn ≡ |αn|2.
The onset τ of the hard interaction is given by the hard scale τ ∼ 1/pt, since τ is small
the quench creates a highly excited multi-particle state. The produced particles have a
thermalized spectrum with a temperature Tth ' 1/2piτ ' pt/2pi. In QCD at high energies,
using the Balitsky-Kovchegov (B-K) equation, it has been obtained [2]
S = ∆ log s ' ∆ log
(
l

)
= ∆ log
(1
x
)
, (9)
with ∆ = α¯s log(r2Q2S),where r is the size of the dipole, QS the saturation momentum and
 the Compton wavelength of the proton. Expression (9) is very similar to the result for the
entanglement entropy in (1 + 1) conformal field theory (CFT) [14, 15]
S = c3 log
(
l

)
, (10)
being c the central charge of the CFT, which counts the number of degrees of freedom.
In this paper we study the behavior of the entanglement entropy with the hardness of the
process, and the role played by the temperature fluctuations. First, we recover the result for
the relation between the conditioned probability for having at last one hard collision and the
full probability. We will show, using renormalization group arguments, that the conditioned
probability must be a gamma distribution. Finally, we compute the entanglement entropy.
4The leading term is the logarithm of the multiplicity similar to the result expressed by Eq.
(1). In addition to that there is a second term which depends on the inverse of the normalized
fluctuations. As the scale pt of the collision increases, this second term decreases because the
size of the hard region is smaller and thus the possibility of fluctuations of the hard partons
of the wave function. It is worth to compare the entanglement entropy, Sc, corresponding
to the probability of having at least one hard parton, with the entropy S corresponding to
have no constraint. The difference Sc − S decreases with the scale of hardness, vanishing
asymptotically. Sc − log〈n〉 as a function of the energy density presents a maximum, which
corresponds to a turnover of the behavior of the index n of Eq. (2) with multiplicity. This
behavior is naturally explained in the clustering of color sources model.
The plan of the paper is as follows. In the next section we obtain the conditioned proba-
bility of having a hard collision. Using the renormalization group and the scale invariance as
an argument we obtain the gamma distribution as the required probability distribution. In
section III we study the entanglement con Neumann entropy for hard events comparing with
the non-constraint entropy, discussing the differences in connection with the fluctuations on
the number of hard partons and with the clustering of color sources. Finally, in section IV
the conclusions are presented.
II. CONDITIONED PROBABILITY
Let us consider the probability pn of having n partons in a given collision. It has been
shown [16–20] that the conditioned probability pcn of having n partons and at least one giving
rise to a hard collision is
pcn =
n
〈n〉pn. (11)
This equation has been obtained not only for hard events but for events of a type, denoted
by c, in which for a result to be considered of the type c is enough to have a single c event in
at least one of the elementary collisions. Examples of this kind are events without a rapidity
gap (non-diffractive events), hard events, annihilation events in p¯p collisions, events with
at least one jet and W±,Z0 events. Let N(n) be the number of events with n elementary
collisions observed in an hadronic or nuclear collision, we have
N(n) ≡
n∑
i=0
(
n
i
)
αic(1− αc)n−iN(n), (12)
5where αc is the probability of having an event c in an elementary collision (0 < αc < 1). If
αc is small equation (12) becomes
N(n) = αcnN(n) + (1− αcn)N(n), (13)
where from the definition of a type c event the first term of (13) is the number of events
Nc(n) where a c occurs,
Nc(n) = αcnN(n). (14)
If N is the total number of events we have
∑
n
N(n) = N,
∑
n
nkN(n) ≡ 〈nk〉, (15)
and, for the total number of events with c occurring
∑
n
αcnN(n) = αc〈n〉N. (16)
This implies, for the probability distribution of having a c event in n collisions
pc(n) =
αcnN(n)
αc〈n〉N =
n
〈n〉p(n), (17)
which is of the form of Eq.(11). In this equation n is the number of elementary collisions
(parton-parton or nucleus-nucleus, depending on the case studied) but Eq.(17) has been
applied to the multiplicity particle probability distributions, being p(n) the minimum bias
multiplicity distribution. Indeed, the equation (11) was checked in the case of production
of W±, Z0 with data of CDF collaboration at Fermilab [17], for the production of jet events
with UA1 collaboration data at SPS [17], for the production of Drell-Yan pairs in S-U
collisions with NA38 collaboration data [18] and for the annihilation in p¯p collisions [17]. In
all cases a good agreement with the experimental data was obtained. Notice that in Eq.(11)
the right hand side is independent of c and only its shape is determined by the requirement
of being of the type c. In terms of cross sections the c events are self-shadowed and their
cross section can be written as a function of only the elementary cross sections of a c-event
[21, 22].
This selection procedure of the events satisfying certain c criteria can be repeatedly
applied for subsequent c conditions. For instance from these events with at least one par-
ticle with transverse momentum larger than pt,1 one can further select events with at least
6one particle with transverse momentum larger than pt,2, pt,2 > pt,1, and so on (there are
cases in which this multiple selection procedure can not be applied more than once, like
non-diffractive or annihilation events). The corresponding probability distributions to the
repeated selection satisfy
p(n)→ n〈n〉p(n)→
n2
〈n2〉p(n)→ · · ·
nk
〈nk〉p(n). (18)
Notice that
〈n〉c = 〈n
2〉
〈n〉 , (19)
and
〈n〉c − 〈n〉 = 〈n
2〉 − 〈n〉2
〈n〉 ≥ 0. (20)
Transformations of the kind of Eq.(18) were studied long time ago by Jona-Lasinio in con-
nection with the renormalization group in probability theory [23], showing that the only
stable probability distribution under such transformations are the generalized gamma dis-
tributions. The simplest one is the gamma distribution. This transformation has also been
studied in connection with self-similarity condition and the KNO scaling [20],
〈n〉pn = ψ
(
n
〈n〉
)
= ψ(z). (21)
For the gamma distribution
ψ(z) = β
k
Γ(k)z
k−1e−βz, k > 1, (22)
we have the normalization condition
1 ≡∑
n
pn =
∑
n
1
〈n〉ψ
(
n
〈n〉
)
=
∫
dzψ(z) = 1, (23)
and
1 ≡∑
n
n
〈n〉pn =
∫
dzzψ(z), (24)
which forces β = k. We will use the gamma distribution in our evaluations.
The gamma distribution appears in different and related frameworks. It is the stationary
solution of the Fokker-Planck equation associated to the Langevin equation formulated for
7the temperature time evolution under a multiplicative white noise produced by the fast
quench of a hard collision at a given pt scale [5, 6, 24, 25].
It appears as well as the size distribution of the clusters of strings formed in a pp, pA
or AA collision [11–13, 26, 27]. At not very high energy, only single strings are stretched
between the partons of the colliding objects. These strings can be seen as discs of radius
0.2 fm in the transverse plane of the scattering. As the energy or centrality of the collision
increases, the number of strings increases and they start to overlap forming clusters with
different number of strings. As the color field inside the clusters is larger, these clusters
fragment into particles according to this larger color field and thus larger tensions. Above
all critical string density, a large cluster is formed crossing the collision area. Arguments
based on the renormalization of the color field of the clusters of strings indicate that the
cluster size distribution should be a gamma distribution. By making a convolution of the
gamma distribution with the function exp(−xp2t ), which corresponds to the fragmentation
of the cluster of size x, Eq.(2) is obtained for the transverse momentum distribution. In the
same way, making the convolution of the gamma distribution with a Poisson distribution,
which corresponds to the multiplicity distribution for the fragmentation of a cluster of size
x (the size of the cluster controls the mean value of the Poisson distribution) a negative
binomial distribution for the total multiplicity distribution is obtained. As the inverse of
the parameter k controls the normalized width of the gamma distribution
1
k
= 〈z
2〉 − 〈z〉2
〈z〉2 , (25)
k decreases with the string density as the number of clusters of different strings grows and
the fluctuations increase. Once the large cluster is obtained, fluctuations decrease and thus
k increases [11, 13].
The origin of the non-extensive thermodynamics related to the equation (2) could be the
fractal structure of the thermodynamical system. In reference [28] it is shown that such
systems present temperature fluctuations following a gamma distribution. The repetitive
fractal structure has to do with the scale transformations represented by equation (18).
In terms of the reduced matrix density (7), the transformation induced by the repeated
selection pt,1 < pt,2 < · · · < pt,j translates into a sum over each time a larger region of soft
partons, modifying the probability pn = |αn|2 in the way prescribed by the chain of equation
(18).
8III. ENTANGLEMENT ENTROPY
We will use (22) to evaluate the entanglement entropy. The von Neumann entropy for
minimum bias events is
S = −∑
n
pn log pn = −
∑
n
1
〈n〉ψ
(
n
〈n〉
)
log
(
1
〈n〉ψ
(
n
〈n〉
))
= log〈n〉 −
∫ ∞
0
dzψ(z) log (ψ(z)) ,
(26)
and the von Neumann entropy for type c events, containing at least one hard collision,
Sc = −∑
n
pcn log pcn = −
∑
n
npn
〈n〉 log
(
npn
〈n〉
)
= −∑
n
n
〈n〉2ψ(z) log
(
nψ(z)
〈n〉2
)
= −
∫ ∞
0
dzzψ(z) log
(
zψ(z)
〈n〉
)
= log〈n〉 −
∫ ∞
0
dzzψ(z) log (zψ(z)) . (27)
Taking for ψ(z) the gamma distribution, we obtain
S = log〈n〉 − log k + k + log Γ(k) + 1− kΓ(k) ∂kΓ(k) ' log〈n〉+
1
2
[
k − 1
k
+ log
(2pi
k
)]
→ log 〈n〉√
k
= log〈n〉1/2, (28)
and
Sc = log〈n〉+ k + log Γ(k)− kΓ(k)∂kΓ(k) ' log〈n〉+
1
2
[
1 + log
(2pi
k
)]
→ log 〈n〉√
k
= log〈n〉1/2, (29)
where the last equality of the above relations hold for large k and Γ(k) is the gamma function.
We observe that the leading term log〈n〉, as 〈n〉 ' s∆ it is similar to the one obtained using
the B-K equation. The difference between both entropies reads
Sc − S = log k − 1Γ(k)∂kΓ(k) '
1
2k (30)
In Fig.(1) S − log〈n〉 and Sc − log〈n〉 are shown as a function of k. As k > 1, S and Sc
decrease with k and at larger values Sc approaches S. As k > 1, S − log〈n〉 and Sc− log〈n〉
are decreasing functions of k in all the allowed domain of k. These functions, according to
Eqs. (28) and (29), become negative at very high k. The leading term of S and Sc is log〈n〉,
meaning that the n partons, i.e. the n microstates of the system, are equally probable and
thus the entropy is maximal. In addition to this contribution, there is one which depends only
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FIG. 1: Entanglement entropy S − log〈n〉 (28) of the minimum bias distribution p(n) (21) (solid
line) and entanglement entropy Sc − log〈n〉 (29) of the type c events distribution pc(n) (17) (dot-
dashed line).
on k, i.e. the inverse of the normalized fluctuations on the number of partons, Eq. (29). This
contribution is a positive decreasing function of k in a very broad range, becoming negative
at very high k. In the infinite limit, the gamma function becomes the normal/Gaussian
distribution and both S and Sc behave like log(n/
√
k) = log(n1/2). This result means that
the number of microstates is not n any more but
√
n. A saturation effect occurs and the
grow of microstates is suppressed as the collision energy or the centrality increases. This
saturation is explained in models like the color glass condensate or the clustering of color
sources. In this last model, the number of independent color sources, strings, n, formed from
the initial partons of the colliding objects, is reduced at high energies because the number
of effective independent color sources is proportional to
√
n in such a way that Eq.(29),
involving logarithms, is satisfied [30]. In the limit of high energy in the glasma picture of
the CGC, the number of color flux tubes is also
√
n.
It could be thought that as 〈n〉c ≥ 〈n〉 the leading term of the entanglement entropy Sc
10
is larger than the corresponding to S. Indeed, instead of Eq.(27) we could have written
Sc = log〈n〉c −
∫
dzψc(z) log (ψc(z)) , (31)
with
ψc(z) ≡ 1〈n〉cp
c
n =
1
〈n〉c
n
〈n〉pn =
1
〈n〉cψ(z). (32)
From Eqs.(25) and (19) we can write
log〈n〉c = log〈n〉+ log
(
1 + 1
k
)
, (33)
so asymptotically as k →∞ 〈nc〉 = 〈n〉.
The differences between S and Sc are small and asymptotically tend to zero as it is shown
in Fig.(2). The dependence of S − log〈n〉 or Sc − log〈n〉 on the energy or on the impact
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FIG. 2: Entanglement entropy difference Sc−S at (28) and (29) for the minimum bias distribution
p(n) (21) and for the type c events distribution pc(n) (17).
parameter (centrality) is very interesting in the clustering of color sources approach due to
the previously described dependence of k on the string density ξ. At low density, k decreases
up to a critical string density ξc. Above this critical density ξ > ξc, k increases. In this way,
both S− log〈n〉 and Sc− log〈n〉 increase with ξ up to the critical density ξc, and decrease for
11
larger ξ. This decrease of S−log〈n〉 or Sc−log〈n〉 with energy or centrality is small compared
with the grow of log〈n〉 in such a way that S and Sc are always growing. The exact value
of k, which corresponds to the ξc marking the turnover, depends on the observed rapidity
range, the pt acceptance, and the profile functions of the projectile and target. We know
from the data that k decreases with energy and centrality in pp collisions and it increases
for AuAu and PbPb collisions. The turnover of k could be at very high multiplicity in pp
collisions at
√
s = 13 TeV. Notice that S or Sc does not present a maximum at ξ = ξc but
a change in the dependence of S or Sc on ξ.
IV. CONCLUSIONS
Based on the results on the conditioned probability for having at least one hard collision
in terms of the minimum bias probability, we show that this probability must be the gamma
function. This function coincides with the stationary solution of a Fokker-Planck equation
corresponding to a Langevin equation for the time evolution of the temperature under a
multiplicative white noise produced by the fast quenching of a hard parton. Once the
parton distribution is obtained we compute the entanglement entropy (von Neumann). In
agreement with previous results, the leading term is the logarithm of the number of partons,
meaning that the n microstates are equally probable and the entropy is maximal. The
corrections to the leading term depend only on the inverse of the normalized fluctuations.
Asymptotically, the entanglement entropy becomes log
√
n, meaning that the microstates
are not anymore the number n of partons but
√
n due to saturation effects. We show that
in the clustering of color sources approach S − log〈n〉 or Sc − log〈n〉 as a function of the
energy or of the centrality should present a maximum corresponding to a critical density of
the strings formed in the collision, which occurs when the overlapping strings cross all the
collision surface.
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